A theory has been developed for small bending and stretching of sandwich-type shells. This theory is an extension of the known theory of homogeneous thin elastic shells. It was found that two e$ects are important in the present problem, which are not normally of importance in the theory of curved shells: (1) The eject of transverse shear deformation and (2) the e$ect of transverse normal stress deformation.
INTRODUCTION
In this report an extension of the classical theory of small bending and stretching of thin elastic shells is considered. Instead of a homogeneous shell, investigation is made of a shell constructed in three layers: A core layer of thickness h with elastic constants EC, G,, and ve and two face layers of thiclmess t with elastic constants Ef, c;l,, and vP In the developments certain restrictive assumptions are made which somewhat limit the general applicability of the results. In so doing formulas are obtained which are as compact as possible while still describing the essential charact,eristics'of the sandwich-type shell. The thickness ratio t/h is assumed small compared with unity; at the same time the ratio E,t/E,h is assumed large compared with unity.
This latter assumption means that the face material is so much stiffer than the core material that the contribution of the core layer to stress couples and tangential stress resultants of the composite shsll is negligible. It is known that for flat plates these assumptions necessitate the taking into account of the effect of transverse shear deformation.
(See, for instance, reference 1.) The same would be expected to be true for curved shells, and the present report, therefore, gives a system of equations in which this effect is incorporated.
A further effect which, it appears, has not been considered previously in the analysis of small deflections of sandwich structures is the effect of transverse normal stress deformation. In the present report it is shown that this effect arises in a manner which is typical for shells and has no counterpart in plate theory.
It may be likened, roughly, to what happens in the bending of curved tubes.
The process by which the general results of this report are obtained is as follows: First, each of the face layers of thickness t is assumed to behave like a thin shell without bending stiffness. The loads applied to. these face shells, henceforth called face membranes, are of two kinds: (1) External loads and (2) loads caused by the stresses in the core layer. Next, the core layer of thickness h is assumed to behave like a threedimensional elastic continuum in which those stresses which are parallel to the faces are negligible compared with the transverse shear and normal stresses. On the basis of these two assumptions three steps are carried out. First, the equilibrium equations of the core layer and of the face layers are obtained. Then an appropriate expression for the strain energy of the composite structure is derived. Finally, Castigliano's theorem of minimum complementary energy is used to obtain the relationswhichconnect stress resultants and couples of the composite shell with the quantities which describe the state of deformation of the composite shell.
The system of equations which is obtained in the foregoing manner is specialized for the following cases:
(1 In each case a number of problems are solved explicitly and the appreciable effect of transverse shear and/or normal stress deformation is illustrated numerically. This work was conducted at the Massachusetts Institute of Technology under the sponsorship and with the' financial assistance of the National Advisory Committee for Aero-SYMBOLS core-layer thickness face-layer thickness curvilinear coordinates on middle surface of composite shell distance coordinate measured along normal to middle surface of shell coefficients of linear element on middle surface of shell principal radii of curvature of middle surface of shell direct stress resultants in upper face membrane; n=1,2; m=--1,2 direct stress resultants in lower face membrane tangential components of external load intensit.y on upper and lower membranes normal components of external load intensity on upper and lower membranes components of transverse shear stress in core layer component of transverse normal stress in core layer values of transverse shear stresses for [= + h/2 ; n=1,2 values of transverse normal stresses for { = &h/2 values of t,ransverse shear stresses at middle surface of shell t,ransverse shear stress resultants direct st.ress resultants parallel to middle surface for composite shell; n=1,2; m=1,2 stress couples for composite shell ; n = I,2 ; m= 1,2 tangential components of external load intensity for composite shell; n= 1,2 normal component of externa1 load intensity fol composite shell external load intensity term defined by equation (22) strain energy elastic moduli of isotropic face-layer material;
v= Vf elastic moduli in transverse direction of core-layer material effective tangential components of displacement of elements of composite shell effective normal component of displacement of elements of composite shell effective components of change of slope of normal to middle surface of composite shell component of strain ( cfrn = ar,/ EJ C*=2tE, D*=(1/2)t(h+t) In order to derive a complete system of equations for the shell composed of face layers and core layers it is necessary first to consider separately the statics of the face layers and that of the core layer of the shell. Combination of the results obtained for these two component,s of the composite structure must and will lead to those differential equations of equilibrium which hold for elements of a shell, whether this shell is of homogeneous or nonhomogeneous construction.
In addition, however, relations are obtained which are characteristic of the sandwich-type shell.
Coordinate system on shell.-A curvilinear coordinate system (El, &, {) is introduced as follows: Let & and Ez be coordinates on the middle surface of the composite shell and let { be the distance of a point of the shell from its middle surface, measured along the normal to the middle surface. In order that this system of coordinates be an orthogonal system, choose the &, & curves as lines of curvature on the middle surface (in the case of shdls of revolution the lines of curvature are identical with the meridians and parallzls on the middle surface).
The linear element in the forgoing system of coordinates is of the form ds2= oL12 (~+~~)zdt,2+~22(l+~)~d~~2+d~2 (1) where LYE and (Y~ are the coefficients of the Iinear element on the middle surface and RI and Rz are the principal radii of curvature of the middle surface (see fig. 1 ). Formulas for the calculation of the quantities (.y, and R, are contained in texts on differential geometry. They are collected, together with other results, in reference 2, which deals +vith the theory of homogeneous thin shells. Statics of face layers.-The face layers are treated as thin shells of thickness t and it is assumed that the bending stiffness of these thin shells about their own middle surface may be neglected.
(This, of course, means that no local buckling phenomena are considered in the present work.) Because of this neglect from now on they will be designated as face membranes.
The middle surfaces of the face membranes evidently are given with reference to the three-dimensional system of curvilinear coordinates by <=i (hft) and c = -i (h+t). From equation (1) it follows that the linear element on the middle surfaces of the face membranes is given by
The components of external load int,ensity on the upper and lower membranes are designated by plU, pzu, and pU and by P II, Pzz, and g2, respectively ( fig. 2) . The core-layer stresses which act on the upper and lower membranes are given as 71cU, Qua, and ar, and by 71rl, 72tl, and arl,respectively. Finally, the direct stress resultants in the upper and lower face membranes are designated by NI1,, N,,,, NZIU, and N,,, and by NIIZ, NIZI, N2, 1, and NZz2, respectively ( fig. 2 ). There are then three equations of force equilibrium for the elements of each of the two membranes.
Writing the equations for the upper-face membrane are the following: l
The corresponding equations for the lower-face membrane are (8) As bending moments and transverse shears are assumed not to be acting in the individual membranes the moment equilibrium equations become the symmetry relations (10) Before analyzing the state of stress in the core layer it is convenient to see what relations follow from equations (4) to (9) for the composite shell.
Statics of composite shell.-It may be seen that, in viaw of the fact that all face-parallel stresses in the core layer are neglected, the following expressions for the face-parallel stress resultants and couples of the composite shell are obtained:
Nu=(l+z)
In the same way the following expressions are obtained for components of external force and moment intensity:
Further, a load term of the following form will be encountered:
which bears a relation to equation (20) similar to that which equation (21) bears to equation (19). This last term would represent, for a homogeneous shell, the average transverse normal stress at any stat'ion of the shell, assuming that the loads pU and cl2 alone are responsible for this stress. For a homogeneous isotropic shell this term is of no importance. For a sandwich-type shell, as will be seen, it may sometimes be of importance.
In order to obtain force and moment equilibrium equations for the composite shell the face-membrane equilibrium equations (4) to (9) are combined suitably.
Adding equations (4) and (7), and (5) and (8) , respectively, the two equilibrium equations for the force components parallel to the middle surface of the shell are obtained.
In order to reduce them to known form (see reference 2) the following relations are used between the core-layer-surface shear stresses 7nru and 7,cl and the transverse shear stress resultants Q1. and Q2.
(23) (24)
Equations
(23) and (24) will subsequently be shown to be in agreement with the usual definition for the transverse shear stress resultants by consideration of the stress distribution of the core layer.
With equations (23) and (24), there are obtained by combination of equations (4) and (7), and (5) and (8) Two further equations are obtained by adding and subtracting, respectively, equations (6) and (9) . Adding equations (6) and (9) and taking account of equations (1 l and it will subsequently be shown that at, represents the value of a< at the"-~~~dl~-B~rface of-the shell. .-Combiningequations (33) and (32) yields (34)* Equation (34) has no relation to the sixth equation of equilibrium for an element of the shell which expresses the condition of moment equilibrium about the normal to the middle surface. That equation which, as is known, is an identity when resultants and couples are expressed in terms of stresses does not occur in the present derivations, or rather it is contained in equations (12), (13), (16), and (17), which give explicitly the slight differences between N,, and Ntl, and A&,, and M2,.
Stress distribution in core layer--In order to verify indepcnclently equations (23), (24), and (30), as well as for the subsequent derivation of appropriate stress-strain relations, it is necessary to determine the distribution of stress in the core layer.
Assuming that the components of stress u,, uz, and 712 in the core which would contribute t,o stress resultants and couples of the composite shell are of negligible importance,2 these components of stress may be set equal to zero and only the components of transverse shear stress and transverse normal stress ~,r, car, and al may be retained. The differential equations of equilibrium for these three remaining components of stress in the system of curvilinear coordinates defined by equation (1) The integration must be extended over the thickness of the core layer and also over half the thickness of the face layers, in accordance with the prior assumption that the stresses Tnfu, Tnfr, ur,,, ancl url may be taken to act at the middle surfaces of the respective face membranes. Now, as intended, the proof is carried out of equations (23), (24), n.nd (30), which were used t,o obtain the difl'erential equations for the composite shell.
To verify equation (23), from equations (38) and (39) for the left-hand side of equation (23) The section on the stress distribution-in the core layer is concluded by listing the form which eqnations (38) to'.(40) for the stresses in the core layers assume for "thin" shells, It is necessary to note for some of the following considerations that, in view of equation (31), instead of equation (43a) there may be written It is seen that in this approximation the transverse shear stresses are uniform across the thickness of the core layer, while the transverse normal stress is composed of two terms, one uniform across the thickness and the other varying linearly across the thickness.
No further calculations are needed with reference to the state of stress in the composite shell. The next step is to complete the system of differential equations for stress resultants and couples by deriving an appropriate system of stress-strain relations.
STRAIN ENERGY OF SANDWICH-TYPE SHELL
In calculating the strain energy of face membranes and core layer it is assumed that both are isotropic and elastic, with elastic constants E,, vr= v, G,=E#( 1 +v) and EC, v,, G,=E,/2(l+v,).
Poisson's ratio for the face membranes is written without a subscript, because, in view of the assumed stress distribution, there is no explicit occurrence of Poisson's ratio v, for the core layer.
The strain energy for the composite shell is the sum of the strain energies for the face membranes and for the core layer ll=II,+II,
For the purpose of obtaining stress-strain relations, both II, and II, are expressed in terms of stresses rather than in terms of strains. Strain energy of face layers.-Considering that the element of area on the middle surfaces of the membranes is of the in the membranes-&e-the stress resultants divided by the membrane thickness t, there is obtained, from well-known principles, the following relation:
Equation (45) is transformed into an expression containing stress resultants and couples of the composite shell by means of equations (11) to (18) In what follows a system of stress-strain relations for the composite shell is obtained by the use of Castigliano's theorem of minimum complementary energy. The manner in which the theorem is used here appears to have been employed first by Trefl'tz (reference 4) for the purpose of avoiding geometrical considerations in the derivation of the stressstrain relations for thin homogeneous shells with small deformations, without consideration of the effects of transverse shear and normal stress deformation.
Assuming for the present purpose that all boundary conditions for the shell under consideration are stress conditions, the theorem consists in the statement that among all statically correct states of stress the actually occurring state of stress makes the strain energy of the system a minimum.
In the application of the theorem the fact is taken into account that statically correct states of stress only are to be compared, by means of the Lagrangian multiplier method. pefore minimizing II an integral is added 'to it which contains the six equilibrium equations (25) to (28), (31), and (34), 'each of the six equations multiplied by a Lagrangian multiplier.
It can then be shown, by using Castigliano's theorem with prescribed boundary displacements instead of with prescribed boundary stresses, that each of the six multipliers has the meaning of one of the displacement quantities which occur in the shell problem. 3 With the foregoing understanding of the meaning of the multipliers, the multiplier of equation (25) is designated by ul; that of equation (26), by us; that of equation (27), by PI ; that of equation (28), by pz; that of equation (31) There is no immediate simple geometrical interpretation for k and, while such interpretation in terms of an average transverse normal strain might be deduced herein, k is considered as an auxiliary variable presently to be eliminated.
Combining now equations (44), (48), (51), and (25) to (28), (31), and (34) in the manner indicated, the following variational equation results :
The variations in equation (52) 
The system of equations (54) to (62) may be brought into a slightly more concise form as follows:
Define the quantities
( 5 7) and eliminate k from equations (57) With these last transformations there is obtained a system of equations which is formally equivalent to the corresponding system of equations for the homogeneous shell. The 5 equilibrium equations (25) to (28) and (31) and the 8 stressstrain relations (56), (59), (60), (61), and (64) to (67) are used for the determination of 13 quantities: Five stress resultants Nn, Nz2, N1,, Q1, and Qz; three stress couples Al,,, Mt,, and MIz; and five displacements and changes of slope uI, uz, w, p,, and Pz. The quantity ucrn which occurs in the sixth equilibrium equation (equation (34)) may be determined directly, once the shell bending and stretching problem has been solved.
It is seen that the effect of transverse shear deformation enters equations (60) and (61) only and that, when G,= 03, these equations give the values of the known theory of homogeneous shells without transverse shear deformation (references 2, 3, and 4).
The effect of transverse normal stress deformation enters equations (64) to (67) only.
It is seen that it is, in part, responsible for the occurrence of apparent stiffness factors C*/(l+const. X) and D*/(l+const. X). Thus, according to equation (63), the effect of finite EC is to make the shell more flexible in bending and stretching than it would be with E,= co. This effect, however, is present only in curved structures and not in plates and straight beams, a.s the quantities X have one or both of the radii of curvature in the denominator.
A further effect of finite EC is occurrence of the external load terms q and s in the stress-strain relations. Both these effects represent, roughly speaking, what happens to the shape of an element of the composite shell if the length of the core fibers in transverse direction is changed, without any stretching or compressing of the face-membrane elements.
Having derived the general system of equations for the small bending and stretching of sandwich-type shells, it remains to apply these equations to specific problems which may be of interest and to determine the quantitative effect of the terms which are characteristic of the sand with-type shell. Some of this work is done in part II of the present report, which follows.
It may be stated once more that for these specific applications the five equilibrium equations (25) to (28) and (31) and the eight stress-strain relations (56), (59), (60), (61), and (64) to (67) are used.
II-APPLICATIONS OF GENERAL THEORY FLAT PLATES
The problem of the flat plate is considered first in order to show that the results of reference 1 are contained in the present results and in order to solve some problems in the theory of plates which have not been solved in reference 1.
Rectangular plates--Using notation which is customary in plate theory there is set ,5=x
Ez=Y
The equilibrium equations (25) to (28) and (31) 
As in the small-deflection theory of homogeneous plates,, the equations for stretching (equations (69) and (71)) are independent of the remaining equations for transverse bend-
ing. Equations (69) and (71) for the stretching are not affected by the elastic properties of the core layer.
Equations (70), (72), and (73) have been treated in reference 1 by means of a stress function #, which, together with the deflection w, was taken as one of two basic variables. In what follows an alternate treatment is given, in which the problem is reduced to three simultaneous equations for the quantities p,, &, and w. On the basis of these three simultaneous equations a problem not considered in reference 1 is treated, namely, the bending of a rectangular plate which is simply supported on all four edges. This same problem has also been solved by Donnell by a method which differs from the one employed here. (See reference 5 where the case of the homogeneous plate is considered.)
To reduce equations (70), (72), and (73) to three simultaneous equations for /3=, &, and w, first a quantity w is defined by Introducing equation (72) into the first of equations (70), in view of equation (74), there is obtained
where v2 = a2/aX2+b2/&J2.
Next, QZ, M,, and M,, are taken from equations (72) and (73) and the result is substituted in the second of equations (70). This gives, after slight transformations,
In an analogous manner the following further equation is obtained :
In order to solve equations (75) 
where wh is a harmonic function. Putt iug equation (83) It is to be the Navier solution for the plate wit.hout transverse shear expected and may be shown explicitly that for the plate deformation, the particularintegral is the complete solution which is simply supported all around wh= wh=O and, as in of the problem. The ratio of the series is 1.98 when u/b=l, and the ratio of the series is 1.11 when u/b=1/2.
For the case of a concentrated load at the center of the plate the deflection ratio at the point of load application assumes the form (sin ma/2 sin 7~7r/2)~ Now it is easily shown that the numerator series in equation (88) does not converge and consequently w/wN= 03 in this case. A more detailed consideration shows that in any plate theory which takes transverse shear deformation into account the deflection under the point of application of a concentrated load must become infinite in contrast with what happens when transverse shear deformation is not taken into account,. This diflerence, of course, vanishes as soon as the load intensity becomes finite, and then the theory with transverse shear deformation taken'into account is more accurate than the theory which does not take into account this effect.
For the sake of numerical illustration take again the square plate (u/b=l) with uniform load distribution. According to equation (87), the deflection at the center' is increased because of transverse shear by the factor 
Equations (89) are remarkable for the reason that they are not affected by transverse shear deformability. According to equations (73), the same is then true of the bending and twisting couples Mz, MU, and M,,.
It is not easy to see why, in this statically indeterminate problem, the magnitude of the internal forces does not depend on the elastic properties of the core. The analysis, however, shows that, the distributions of Mz, MU, and M,,, and therewith.of Q, and Q,, remain the same as those obtained under the assumption that G,= co. In this connection the following remark may be made.
Evidently the following three boundary conditions, w=Mz=&=O along the edges x=O,u, have been satisfied. In order that the last of these three conditions be satisfied there are necessarily nonvanishing edge values of the twisting couples M,,.
The same is true in the theory without transverse shear deformation, where, however, no alternative possibility exists; as in that theory only the boundary conditions w=M,=O are relevant. For the present system of equations three boundary conditions must be formulated for every plate edge. Thus, it is possible although mathematically complicated to solve the problem of the rectangular simply supported plate with the edge condition &=O replaced by the condition Mz,=O.
In that case, which will nut be pursued here, there evidently will be a distribution of internal stresses which is modified by the effect of transverse shear deform&on. Qz'+y=O
Note that in order to obtain the problem of the sandwich beam from equations (90) and (91) The factor in brackets may again be written in the form 1 +5.4@, with fi= (E,/CJ/[(h+t)t/Z2], using the notation suggested in reference 5. As the problem is statically determinate as far as moment and force are concerned there is no modification of M, and QZ due to the finite value of B,.
(2) Simply supported plate of spun 1 currying a uniform load q=qo.
From this there is obtained for the center deflection, 1 (9% It is seen that the correction factor for the center deflection is almost the same as that for the cosine load curve (equation (96)), the only difference being 'a change of the factor n2/2=4.93 into 24/5=4.80; that is, a reduction of the shear correction factor by at most 3 percent is present.
Note that according to equation (87a) the shear correction factor for the square plate of width a=1 is more than twice as large as the shear correction factor for the plate strip of width 1.
(3) Built-in plate of spun 1 currying a uniform loud y=yO. The boundary conditions are : w( f l/2) = p,( * Z/2) = 0 (and not w/(&1/2)=0).
From this there follows for the center deflection,
1+24 (&G, 12 1 000)
Comparison of equations (100) and (98) shows that for the built-in plate the effect of transverse shear deformation is very much more pronounced than it is for the simply supported plate, a factor 24/5 in the latter case being replaced by a factor 24 in the former case. A somewhat similar perccntage increase must take place in going from equation (86) for the rectangular plate with all four edges simply supported to a formula (which has not yet been derived) for the rectangular plate with all four edges built in. As a further result in this problem of the built-in plat,e, by putting equation (99) into equation (93), it is found that the moment function M, does not contain any terms depending on the effect of transverse shear deformation.
This again is somewhat surprising as in this case it is not possible to determine the moment function by statics alone. As a problem where the moment distribution is in fact dependent on t,he effect of t,ransverse shear there may be mentioned the problem of the cylindrically bent plate with both ends built in, which carries a load yl=plx instead of the load yo= yo. This problem also may be solved by means of equations (92) to (95) * Circular plates; rotational symmetry.-As no examples of solutions of circular sandwich-plate problems have as yet been published and as it is of some interest to determine in which way the shear correction factors change in going from a problem for the plate strip to the corresponding problem for the circular plate, the equations for axisymmetrical transverse bending of circular plates are briefly discussed.
Polar coordinates r,B are introduced and notation which is customary in plate theory is used. As a consequence of equations (70) Qr L&=-g+--_ dw -,+~srp dr (105) and therewith M, and Me are obtained from equations (103).
In the present problem it seems to be somewhat more convenient to proceed as follows: Combine equations (101) and (103) Equation (116) may be compared with equation (100) for the deflection of the infinite plate strip of width I with built-in edges. Setting 1=2u, it is seen that, while the transverse shear correction factor for the strip has a value 6, the corresponding factor for the circular plate is 8. This is consistent with the earlier comparison between the simply supported strip and the simply supported square plate, except that there the change is from 4.8 to 9.7. showing that the correction effect is only slightly greater than in the'case of the uniform load distribution. 
Comparing the factor 3000/387=7.76 which occurs in equation (118) with the corresponding factors 8 and 8.33 in equations (116) and (117) it is seen that, in the foregoing three problems at least, there is little difference between the transverse shear stress correction factors in the case of three different loading conditions for the circular, clamped-edge plate.
The fact that this agreement should not be expected to hold generally follows again by considering the case of a point load at the center of the plate, for which the shear correction factor would again be infinite.
The examples of this section should be augmented by tbe solution for the circular plate of radius a, which carries a load distributed uniformly over a smaller circle which is concentric with the boundary of the plate.
CIRCULAR RINGS
As the simplest example of a curved sandwich structure there are considered in this section stresses and deformations of circular rings in their own plane. As was found in the general developments of part, I of this report, in a curved sandwich structure there will be the effect of both transverse shear and normal stress deformation.
(The effect of transverse shear stress deformation on homogeneous circular rings has been considered by Beskin in reference 6.) Ring sector acted upon by end bending moments.-As a first problem on circular rings, which illustrates the' effect of transverse normal stress deformation, there is taken this basic case for which, as is lmown, there must be the same stress distribution at all sections 0 = Constant of the ring. According to equations (120) 
The significant result of this consideration is contained in equation (128), which maJr be written in the alternate form
M=nl,=~ &z D* * (129) ,+L (h+t)t El --a 2 a2 EC Thus, in this case of pure bending the transverse flexibility of the core is responsible for a reduction of the bending stiffness factor D*= ()$)t(h+Q2E,which is obtained exactly when EC=0 and practically when EC is of the same order of magnitude as EF Equation (129) shows that the reduction of D* is significant whenever EC is so small that the ratio EC/E7 is of the same order of magnitude as the ratio (h+t)t/a2.
As a numerical example take the following values: h=O.9 inch, t=0.05 inch, a=20 inches, and E,/Ec=lOOO, for which indicating a reduction in bending stiffness of about 6 percent. Changing a from 20 to 10 inches changes the effect from 6 to 24 percent.
Changing Ef/Ec from 1000 to 2000 increases the effect from 6 to 12 percent.
Altogether it may be said that this effect is of noticeable magnitude for some geometrically reasonable structures when the modulus ratio Ef/Ec is of the order 1000 or more. Assuming aluminum face layers with E,= 10' psi, this means that EC= 1 O4 psi, which is well within the range of some present-day core-layer materials.
Comparing equation (129) with the earlier formulas for the effect of transverse shear stress deformation, for instance with equation (116) in which a represents the plate radius, and observing that G, = ($)E',, it is seen that the correction terms are of the same form, the difference being an appreciably larger numerical factor in the expression representing the shear effect.
Closed circular ring acted upon by uniform radial load.-Having rotational symmetry, d/do=0 and v=P=O.
Also set p=m=O.
The remaining equations permit the determination of the stresses in the face and core layers in a way which depends on the extent to which the load is applied to the 
A closed circular ring subjected to a uniform radial load distribution q is stressed not only by a uniform axial force N=aq, as would be expected, but in addition is stressed by a uniform bending moment M, the magnitude of which is given by equation (133). The explanation of this result is that for a ring with relatively soft core the circumferential stress distribution depends on the extent to which the external radial load is applied to the inner and outer forces, respectively.
Roughly speaking, for a sufficiently flexible core layer the load q,, goes predominantly into the outer face layer, while the load ql goes predominantly into the inner face layer.
According to equations (46), the stresses in the two face layers are given by For a specific example assume that the radial load is applied entirely to the inner face of the ring so that pU=O and, according to equation (125)) p=(l-%)y, With q and s given by equations (137), equations (135) and ( 
136) become
It is seen that the flexibility of the core layer increases the circumferential stress in the loaded face layer in the ratio (1+2X)/( 1 +X) and decreases it in the unloaded face layer in the ratio l/(1 +X), where X is defined by equation (119)) compared with the equal values of these stresses when E,= co.
Considering once more the numerical data under the section entitled "Ring sector acted upon by end bending moments," it is found, for instance, that the stress in the inner face layer may be about 6 or 12, or 24 percent higher t,han the corresponding stress calculated without taking into account the transverse flexibility of the core layer.
Ring sector acted upon by radial loads pU and pL, uniform in circumferential direction and with vanishing resultant q.-Again it is assumed that d( )/de=O, m=p=O and now in addition t#hat q=O, so that, according to equation (125) 
E,w=as(l -cos e)
From equations (143), it follows that t,he radial slit, which is of zero width before the loads pll and pl are applied, opens under the action of the loads to a width given by
For a numerical example take a= 10 inches, h= 1 inch, t=0.05 inch, EC=lO,OOO psi, and q,=20 psi, and obtain
The foregoing three examples of ring analysis have been discussed in some detail, because they illustrate relatively simply the effect of transverse normal stress deformation in the theory of curved sandwich structures, without involving at the same time the effect of transverse shear stress deformation.
Bending of semicircular ring by end shear forces.-A problem is now considered in which both the values of EC and G, affect the result of the a.nalysis. In the equilibrium equations (120) Equations (154) and (155) contain the interesting result that, for this problem, transverse shear and transverse normal stress affect the outcome formally in nearly the same way. If the generally unimportant terms with D*/a2C* are omitted, which amounts to the usual assumption of circumferential inextensibility of the ring, then the effects of finite EC and G, occur in exactly the same way.
For a numerical example take h=O.9 inch, t=O.O5 inch, a=20 inches, E,/E,=lOOO, and EjlGC=2000. Thus, in the present example the flexibility of the core is responsible for an 18-percent increase of deflection-load ratio, and of this 12 percent is due to transverse shearing and 6 percent to transversenormal stress. Compared with these two effects the elfect of circumferential extensibility of the composite ring is seen to be negligible.
As a further numerical illustration, it is noted that reducing the ring radius a from 20 to 10 inches, with all other data unchanged, changes the 18-percent correction to a 72-percent correction.
Bending of complete circular ring under action of two concentrated radial forces at 0=f?r/2.--The solution of this problem may be obtained by superposition of the solutions for the semicircular ring under the action of end shear forces Q0 (equations (146) to (155)) and under the action of end bending moments M, (equations (126) to (129)).
The first step consists in determining M,, in terms of Q0 such that the sum of the p's from equations (129) and (149) assumes the value zero for e=?r/2; that is, the value of the superimposed bending moment at 0=7r/2 must make the tangent to the deflected ring at this point horizontal.
Combining equations (129) and (149) It may be noted that equation (156) is a further case of a statically indeterminate problem where transverse shear and normal stress flexibility do not affect the internal force and moment distribution but affect only the state of deformation of the structure.
Further, the radial deflections w(?r/2) and w(0) due to the action of M,, are calculated, in order to combine them with equations (152) and (153). Integrating equations (129) and (127) When X=X0=0 and when the composite ring is assumed axially inextensible, which amounts to putting D*/aV*=O in equations (160) and (161), then equations (160) and (161) reduce to well-known results of circular-ring analysis.
Comparing equations (160) and (16 1) for the closed circular ring with equations (154) and (155) for the open semicircular ring, it is noteworthy that for the semicircular ring X and X0 occur with equal weight, while for the closed circular ring the influence of X0 is considerably greater than the influence of X. Thus, for the closed circular ring the effect of transverse shear deformation is much more important than the effect of transverse normal stress deformation, while for the open semicircular ring both effects occur in a much more nearly equally important way.
For a numerical example of the use of equations (160) and (161) The next step in the analysis oi sandwich-type circular rings would be the general solution of the system of equations (120) to (124) for arbitrary load distributions.
This, evidently, is possible and further specific examples of interest) might be analyzed on the basis of the general solution.
CIRCULAR CYLINDRICAL SHELLS
In this section the general system of equations of part I of this report is restricted to the equations of the theory of circular cylindrical shells. The treatment of sandwich-type shells of this kind is shown to be not appreciably more diacult than the analysis without the effect of transverse shear and normal stress.
As specific examples, some problems of rotationally symmetric deformations are treated. In particular the influence coefficients are obtained for a semi-inhnite shell acted upon by bending moments and transverse forces at one end of the semi-infinite shell.
With these influence coefficients an explicit solution is obtained for the problem of the infinite circular cylindrical shell acted upon by a pressure band of zero width.
._.
:'~ . . ,, , The equilibrium differential equations (25) to (28) The solution of the present system of equa-' tions is not essentially more diEcult than the solution of the system with G,=E,= co. In particular also here there may be obtained a trigonometric double-series solution, as a generalization of Navier's solution for the flat plate (references 7 and 8).
For this trigonometric double-series solution there is set, 4=x c clmn sin me sin nxll 
When equations (169) to (171) are substituted in equations (163) to (168) there remains for every value of m and n a system of 13 simultaneous equations for the 13 Fourier coefficients which occur in equations (170) and (17 1).
A system of only five simultaneous equations for the five Fourier coefficients in equation (170) For the present, the task is not carried out of obtaining the deformation and internal stress Fourier coefficients of equations (170) and (171) 
The system of equations (173) to (177) may be reduced to two simultaneous equations for pZ and QZ, as follows: First, express M, in terms of fiZ by means of equation (175) 
Equation (179) is introduced into the first of equations (174) and, restricting attention to shells of uniform section properties, there is obtained ~~~~~~:8~-Q~=-m~-u~~(~~*~-v2)
(1 so)*
To obtain the second of these equations, first, introduce into equation (176) the value of w' which follows from equation (175) (180) and (182) with the corresponding equations without the effect of transverse shear and normal stress deformation, it is seen that the effect of transverse normal stress, which is represented by X, merely somewhat modifies some of the coefficients of the left sides of the I corresponding system of equations with E,= 00. In contrast with this, the effect of finite Gc is to introduce a new term into the left sides of these equations. This new term may be of appreciable importance, as will be shown.
Having solved equations (180) and (X32), Mz and MO are obtained from equations (179) and (178), respectively; Ne follows from equation (173) The following examples illustrate the use of equations (178) to (184).
Infinite circular cylindrical shell with periodic load distribution--In specialization of equations (169) where use has been made of the relation P = ?r/l. In equation (190) the term X/3 will usually be of little importance. The other two variable terms represent the effect of transverse shear deformation and of shell curvature, respectively. When the radius a is so large that ~4/(h+t)2u2<A, theshell behaves under the action of the given load essentially as a plate strip.
The effect of transverse shear is important as soon as the term (2/p2) (Z2/u2)[t/(h+t)](E,lQJ
is not small compared with 1. Equations (191) show that in tbis problem not only is the deflection increased because of the effect of transverse shear, and with that the hoop stress resultant No,, but now also an effec.t is found on the bending-moment distribution M,,, in the opposite sense. The effect of transverse shear is to reduce the magnitude of the bending moments in the shell. This result is in contrast with what was found for the examples which were worked out iD the sections on plate analysis and circular ring analysis and is therefore of particular significance.
Equation (191) for w, may be compared with the corresponding expression for a simply supported plate strip of width I, with sinusoidal load. The result for this case must. follow from equation (191) in the limit a+ = and agree wit,h equation (96), which was previously obtained.
To compare the last of equations (191) 
Equation (192) reduces to the equivalent of equation (96) if in it a+ 00. From a comparison of equations (192) and (96), it is further concluded that the correction due to transverse shear is greatest in this case when a= 00, so that,, in this case, the curvature of the sh311 tends to reduce the additional sheal deformation, below the value obtained for the simply supported plate strip.
For a first numerical example, t'ake h=l inch, t=O.05 inch, u=lO inches, 1=20 inches, E,lG,=200, E,/E,=lOO, The correction in this case amounts to about 6 percent. For a second numerical example, change the above moduli ratios to E,lGc=2000, E,IE,= 1000. This gives K=(1+0.08+38.6+54.5)=0.0106 instead of K=O.O1685.
The correction in this case amounts to 0.0180-0.0106 0.0106 Xl00 ~70 percent. Thus again a case is found where omission of the effect of transverse shear deformation would give results which could not be used. However, it is noted that the effect of transverse normal stress deformation is quite small and may here safely be neglected.
If the foregoing values of K are introduced into equations (191), it is seen that the percentage corrections apply to the bending-moment value directly but that for hoop tension and radial deflection the corrections are very small indeed. In fact, in order that there be appreciable corrections due to transverse shear on hoop tension and radial deflection, it is necessary that the half wave length of the sinusoidal load p be so small that K is at least of magnitude 0.25 or more.
A case of approximately this kind is obtained if the half wave length I is changed from 20 to 10 inches and the moduli ratios are again taken as E,/E,= 100, E,IC,=ZOO. Having the solution for the infinite shell with periodic load distribution, it will be only necessary to add to this the general solution of the differential equations without external load terms, in order to obtain the complete solution for any edge condition of the axisymmetrically stressed circular cylindrical shell of hnite length. This additional solution will now.be obtained.
.., ,, . . Finite circular cylindrical shell acted upon 'by'-e&& moments and forces-To solve equations (180) and (182) with right-hand sides equal to zero, equation (182) where two constants of integration have been discarded to satisfy again the conditions at infinity.
With equations (207) and (208) The second of these formulas follows from equations (184) Equations (211) and (212) may be written in more explicit form, using equations (204) The complete formulas of course must and do contain the influence of the core thickness h.
It is further noted that, while equations (211) to (216) have been derived for the case that m14<4m24, for which the complex solution holds, they are also valid, as is readily shown when 4m24 2 m14.
Comparing equations (213) and (214), and (215) and (216) with the equations listed in footnote 4 it is seen that: (1) The effect of transverse shear modifies the deflection due to Q. and the rotation due to M, but not the other two coefhcients, (2) the effect of transverse normal stress enters all four coefficients but only in a minor way, and (3) the reciprocity relation that the deflection due to MO is the same as the rotation due to Q. is carried over from the theory without the extra effects.
For a numerical example the following data are chosen: f=O.l inch, h=l inch, a=10 inches, E,lE,=lOO, Ef/Gc=200, 1 1 According to equations (211) and (212), the effect of transverse shear in this case is to increase the rotation due to the edge moment in the ratio 0.84/0.59=1.42, an effect of 42 percent. The same increase is found for the deflection due to the edge shear force. Rotation due to the shear force and deflection due to the moments are practically unchanged. Likewise, the effect of transverse normal stress in this case is of negligible importance.
As a further numerical example there is chosen t=0.05 inch, h=l inch, a=20 inches, E,lE,=lOOO, E,IG,==2000. Thus the effect in this case is to increase edge rotation due to edge moment and edge deflection due to edge shear force in the ratio 0.82/0.44=1.87, an effect of 87 percent.
Infinite circular cylindrical shell acted upon by transverse line load.-Calculation is restricted to the determination of deflection and bending moment at the section x=0 where the line load of intensity 20, is assumed to act. The result of the foregoing paragraph may be used as follows.
Consider the infinite shell cut in two parts at the section z=O and assume a bending moment MO of such magnitude that the slope /3=(O) is zero. According to equation (211) Equation (220) for w(0) may be compared with equation (116) for the circular plate of radius a. This comparison shows that, while for the plate both the ratios t/a and (h+t)/a enter into the correction factor, the correction factor for the cylindrical. shell contains the ratio t/a only; that is, the corrections (but not the results) are independent of the ratio of face-layer thickness to core thickness in this case of a cylindrical shell.
:
In conformity with customary usage, the following notation is introduced: The stress-strain relations (56), (59) to (61), and (64) to (67) become, if there is set in accordance with equation (63) 
There is first given a simple special solution of this system of equations and then a generalization is obtained of the two simultaneous equations for Qm and /3+ which are fundamental in the theory of homogeneous isotropic shells.
Uniform stress distribution in a spherical shell.-Set in equations (225) (1-g) Nl =~(;-~+;;-y>
Comparison of these results with the corresponding results for the circular ring (equations (135)) shows that for given values of p and s there is a greater difference between N, and NI in the spherical shell than there is in the circular ring, the reason being the relatively larger influence of the s-term in equation (243).
For a specific example, it is again assumed that the radial load is applied entirely to the inner face so that pll=O and, according to equations (29) and' (22),
Substitution
of equation (244) in equat #ion (243) gives 1
As a numerical example, taking X=0.0595, as in the example given in the section entitled "Closed circular ring acted upon by uniform radial load," and v=1/3, it is found that the factor in N1 which contains the effect of the core flexibility is (1+0.36)/(1+0.18)=1.15. Thus, where for the circular ring there was a 6-percent stress increase, there now is a 15-percent stress increase for the spherical shell.
,Reduction of axisymmetrical problem to two simultaneous equations for Q+ and &-The fundamental results of reference 10 for homogeneous shells may be readily extended to sandwich shells, as follows:
Equations (225) 
The second of the two simultaneous equations is obtained somewhat more directly as follows: Write equations (233) and (234) Assuming that cot +. is not large compared with unity 5 and that the effect of the edge loads is restricted to a narrow edge zone so that ( Q1 I<< 1 Q" 1, 1 p, I<< 1 PI" I, equations (266) and (267) parison shows that the influence of finite (7, in the edge-effect problem is of the same nature for the spherical and cylindrical shells. Thus, results of the same quantitative nature will be obtainable as in the section on cylindrical shells under the headings entitled "Finite circular cylindrical shell acted upon. by edge moments and forces" and "Semi-infinite shell act,ed upon by edge bending moment and shear force."
This work is not herein carried further to specific applications. It is apparent that such applications may be worked out with hardly any more difficulty than when the effect of the core deformability is not taken into account.
CONCLUDING REMARKS
A system of basic equations has been derived for the analysis of small-deflection problems of sandwich-type thin shells. This system of equations reduces to Love's theory of thin shells when the transverse shear and normal stress deformability of the core of the sandwich is of negligible importance. The system of basic equations has been applied to a number of specific problems from the theory of plates, circular rings, circular cylindrical shells, and spherical shells, and it has been found that the effects of both transverse shear and transverse normal stress deformation may be of such magnitude that an analysis which disregards them gives values for deflections and stresses which are appreciably in error.
Numerical calculations have been in the nature of sample calculations, illustrating both the use of the equations and the possible eflects of using them.
Examples have been chosen from the point of view of relativa simplicity as well as with the thought to illustrate most clearly the consequences of the extra deformations which have been taken into account.
It is unavoidable that, in so doing, some of the examples may be of little interest for aircraft structural analysis and that some problems may not have been analyzed which would have well fitted within the contents of this report and which at the same time would have been of considerable practical importance. The general analysis has been restricted by the following two order-of-magnitude relations : (1) t/h<1 and (2) tEf/hEC>> 1, where t is the face-layer thickness, h is the core-layer thickness, Ef is the elastic modulus of the isotropic face-layer material, and E:, is the elastic modulus in the transverse direction of the core-layer material.
Therewith it is felt that very likely nearly all situations have been covered in which the effect of transveme core flexibility is of significant practical importance.
It is evident, however, that if desired the theory could be extended so as to include cases where one or both of these two order-of-magnitude relations are not satisfied.
The main limitation of the present analysis is the omission of all finite-deflection and instability effects. 
